This paper concerns the cost optimisation analysis of a discrete-time finite-capacity multiserver queueing system with Bernoulli feedback, synchronous multiple and single working vacations, balking, and reneging during both busy and working vacation periods. A reneged customer can be retained in the system by employing certain persuasive mechanism for completion of service. Using recursive method, the explicit expressions for the stationary state probabilities are obtained. Various system performance measures are presented. Further, a cost model is formulated. Then, the optimization of the model is carried out using quadratic fit search method (QFSM). Finally, the impact of various system parameters on the performance measures of the queueing system is shown numerically.
Introduction
Discrete-time queueing systems attainted a significant importance because of their wide applicability in the performance analysis of telecommunication systems. They are very appropriate for modeling and analyzing digital communication systems. Typical examples are synchronous communication systems (slotted ALOHA), packet switching systems with time slots and broad integrated services digital networks (B-ISDN) based on asynchronous transfer mode (ATM) technology, as the information contained in the B-ISDN is routed through discrete units. More details on discrete-time queues are given in the survey paper of [10] and the monographs of [9, 21, 8] .
Most of the literature on customers' impatience in vacation queues focus on the continuoustime queueing models. Compared to the continuous-time case, the discrete-time vacation/working vacation queues received less attention in literature. In fact, discrete-time queueing systems with impatient customers are better suited for the design and analysis of slotted time communication systems. Analysis and modeling of the discrete-time multiserver queueing systems with impatient customers is more absorbed and different than the equivalent continuous time counterpart. In diverse companies, revenue losses due to balking and reneging are enormous and must therefore be examined in an appropriate context. The study on the discrete-time vacation queues with customers' impatience seems to be limited. The readers can refer to [16, 6, 7] .
Many practical working vacation queueing systems with impatient customers have been well applied to many real-life problems including situations involving impatient telephone switchboard customers, telecommunication systems, manufacturing and production systems. [30] presented the analysis of customers' impatience in an infinite-buffer single server Markovian queue with working vacation. [26] considered a M/M/1/N working vacation queue with balking and reneging. [18] dealt with impatient customers in an M/M/1 queue with single and multiple working vacations. [27] studied working vacation queueing model with Bernoulli schedule vacation interruption and impatient customers. Later, [28] provided an analysis on a queueing model with variant working vacations and customers' impatience. The transience analysis of an infinte-buffer single server queue with working vacation, heterogeneous service and impatient customers has been done in [19] . Then, [3] provided a study of a queueing system with Bernoulli feedback, reneging and retention of reneged customers, multiple working vacations and Bernoulli schedule vacation interruption.
Over the last decade, multiserver vacation queues have been studied by several researchers. The servers in these systems may either take the same vacation together (synchronous vacation) or individual vacations (asynchronous vacations) independently. Most multiserver vacation models are based on synchronous vacations. Under such policy, the servers go on vacation all together, once the system is empty, and return to the busy period as one after the vacation period is ended. It is worth noting that multiserver vacation queueing systems are more complex compared to single-server vacation queues. Hence, a limited literature is available for these models. [15] presented the early work on the multiserver vacation model. [31, 32] considered Markovian multiserver queueing systems with single and multiple synchronous vacations. Further, [23] dealt with a more general GI/M/c queueing system with phase-type vacations where all servers take multiple vacations together until waiting customers exist at a vacation completion instant. Then, [29] provided the analysis of a M/M/c/N queueing model with impatient customers and synchronous vacations of some partial servers. A multi-server queueing model with Markovian arrival and synchronous phase type vacations was investigated by [4] , using probabilistic rule and controlled thresholds. Later, [5] treated a finite-source multi-server queueing models with single and multiple vacations, the authors developed some algorithms for computing performance measures of the models. Recently, [17] studied a M/M/c queueing system with single and multiple synchronous working vacations. Then, [1] presented the cost optimization analysis for an M X /M/c vacation queueing system with waiting servers and customers' impatience.
In this investigation, we consider a finite-capacity discrete-time multiserver queueing system with synchronous single and multiple working vacations, balking, reneging, and retention of reneged customers. Customers may rejoin the tail of the queue as feedback customers if the service is incomplete or unsatisfactory. It is worth noting that [20] is a pioneering work on feedback queues. Since then, queueing models with feedback have attracted a significant attention of many researchers, see for instance [22, 11, 24] and references therein. In addition, in most literature, it was supposed that customer's impatience occurs because of the absence of the server(s). While in the current work, we assume that customers may lose their impatience and leave the system during both busy and working vacation periods. This situation takes place when the status of the server(s) is not observable or when the customers are unhappy with the service time. This is a very realistic supposition and we often encounter such queueing situations in real world phenomena, such as call center, where a call can be abandoned if waiting customers run out of patience. Further, as customer's impatience has became a challenging task, we incorporate in this paper the concept of customer retention which assumes a substantial importance for the business management. Firms can use certain mechanisms in order to convince impatient customers to stay in system in order to maintain their businesses, this can be either by increasing the service rates or providing more service channels in the system. This interesting idea was the subject of interest of some researchers including [12, 14, 13, 3, 2] . For the queueing system under consideration, we use a recursive method in order to obtain the steady state solution of the model. Then, we derive useful performance measures of the queueing system and formulate a cost model. After that, we perform a sensitivity numerical analysis. To the best of our knowledge, no similar work has been investigated in the literature, despite the fact that some of the aspects presented above have been discussed separately earlier.
The rest of the paper is arranged as follows: In Section 2, we describe the model. In Section 3, we carry out the stationary-state probabilities of the queueing system under consideration. Then, in Section 4, various performance measures of the queueing system are derived. In Section 5, we develop a cost model and perform a suitable optimization using a quadratic fit search method (QFSM). Then, in Section 6, we present numerical study to show the applicability of the theoretical analysis. Finally, Section 7 concludes the paper.
Model's description
Consider a finite-buffer discrete-time multiserver queueing system with Bernoulli feedback, single and multiple working vacation policies, balking, reneging during both normal busy and working vacation periods, and retention of reneged customers under late arrival system with delayed access (LASDA). The time axis time is divided into fixed equal length intervals or slots with the length of a slot being unity, and it is indicated as 0, 1, 2,..,t,.... A potential arrival occurs in (t−, t) and a potential departure takes place in (t, t+). Let x = 1 − x. We suppose that the inter-arrival times A of customers are independent and geometrically distributed with probability mass function (p.m.f.): a n = P (A = n) = λλ n−1 , n ≥ 1, 0 < λ < 1.
The system is composed of c servers. The customers are served on a First-Come First-Served discipline. The capacity of the system is taken as finite (say, N). A queue gets developed when the number of customers surpasses the number of servers, that is, when n > c.
If on arrival, a customer finds some servers busy and some others idle, he joins the system and will be served immediately. Otherwise, if all the servers are busy either during normal busy period or working vacation period, the arriving customer may join the queue with probability ϑ n or balk with a complementary probability ϑ n = 1 − ϑ n , with c ≤ n ≤ N. In addition, we suppose that
The service times in normal busy period S µ are independent and geometrically distributed with probability mass function (p.m.f.):
The service times S η in a working vacation period are independent and geometrically distributed with probability mass function (p.m.f.):
A synchronous vacation is considered, that is, the servers go on working vacation all together at the same time once the system becomes empty, and they also return to the system as one at the same time.
Under multiple working vacation policy (MWV), the servers begin working vacation all together when the system becomes empty. If they return from the working vacation period and find the system empty they begin another vacation period. Otherwise, a normal busy period begins.
Under single working vacation policy (SWV), the servers take a working vacation once the system becomes empty. When this period is ended, they come back to the system as one and wait for customers to arrive rather than taking another work working vacation. Otherwise, they begin a new normal busy period.
The vacation times V are independent and geometrically distributed with probability mass function (p.m.f.):
After joining the queue each customer will wait a certain length of time T for service to begin. If it has not begun by then, he will get impatient and leave the queue without getting service with some probability σ. Using certain convincing mechanism, the reneged customer can be retained in the queueing system with probability σ = 1 − σ. The impatience timer T is independent and geometrically distributed with probability mass function (p.m.f.):
After completion of each service, a customer can either join the end of the queue for another regular service with probability β or leave the system with probability β, where β = 1 − β.
It is worth noting that at each slot, only one arrival and/or one departure from service may occur. Which neglect any hypothesis stipulating that at one slot, we can have i services completed given j servers busy, j = 0, ..., c and i = 0, ..., j. The same for the reneging phenomenon, we cannot have at the same time k reneged customers given that n customers are waiting in the queue, n = 1, ..., N − c and k = 1, ..., n. Further, note that at one slot we may have, one arrival, a departure from a service, and a departure from the queue as reneged customer.
Steady-state analysis
In this section, we establish the analysis of the considered queueing system under both single and multiple working vacations. Let δ be the indicator function, so δ = 1, for the single working vacation model, 0, for the multiple working vacation model.
At steady-state, π i,0 , 0 ≤ i ≤ N denotes the probability that there are i customers in the system when the servers are in working vacation period and π i,1 , 1 − δ ≤ i ≤ N is the probability that there are i customers in the system when the servers are in normal busy period. Based on the one-step transition analysis, the steady-state equations can be given as
where
This can be explicable by the fact that a service occurs for one of n customers in the service system with probability 1 − xβ n , when n customers are being served by c servers such that
In the same manner, when the number of customers in the system is less than the number of servers, the probability that an impatience phenomenon occurs is equal to 0, contrariwise to the case where the number of customers in the system is bigger that the number of servers present in the system, the probability that a customer leaves the system is equal to 1 − ξσ n−c .
We obtain the steady-state probabilities π i,0 , 0 ≤ i ≤ N and π i,1 , 1 − δ ≤ i ≤ N, using a recursive method. Solving Equations (2)-(4) recursively, we find
with
and
Now, substituting Equation (10) in Equations (5) and (7)- (9), we get
ρ N = 1, and ϕ N = 0.
Next, substituting Equations (10) and (16) in Equation (6), we obtain
Finally, π N,0 is obtained using the normalization condition
Therefore,
4. Performance measures − The average system size (E(L)).
where (E(L 0 )) (resp. (E(L 1 ))) denotes the average system size when the servers are on working vacation period (resp. on normal busy period).
− The average queue length (E(L q )).
− The average number of customers served per unit time (S r ).
− The probabilities that the servers are on normal busy period (P b ), on working vacation period (P wv ), and idle during busy period. (P id ), respectively.
π i,0 , and P id = δπ 0,1 .
− The average balking rate (B r ).
− The average reneging rate (R ren ).
− The average retention rate (R ret ).
− The average rate of customer loss (R loss ).
Cost model
To develop a cost model, we introduce the following cost elements − C s−f : Cost per unit time when a customer returns to the system as a feedback customer.
− C a : Fixed server purchase cost per unit.
Using the above cost parameters, the total expected cost per unit time of the system, Γ, is given as
Quadratic fit search method
This part concerns the cost optimization problem under a given cost structure using quadratic fit search method (QFSM). The objective is to determine the optimal service rate during normal busy period, µ * , in different cases, in order to minimize the expected cost function Γ. Suppose that all system parameters have fixed values, and the only controlled parameter is the service rate during normal busy period µ.
The cost minimization problem can be given as min µ Γ(µ).
As it has been discussed in Laxmi et al. [25] , given a 3-point pattern, we can fit a quadratic function by using corresponding functional values that has a unique minimum, x q , for the given objective function Γ(x). The unique optimum x q of the quadratic function agreeing with Γ(x) at 3-point operation (x l , x m , x u ) is given by
Numerical results
In this section, we carry out the optimization of the considered queueing system, using QFSM to minimize the expected cost function Γ with respect to the service rate during normal busy period, µ, based on the changes of others system parameters. In addition, we study the influence of the system parameters on various performance measures of the queueing model under multiple and single working vacation policies.
Optimisation study
In order to perform an economic study of the queueing model, we consider ϑ n = 1 − n N , and fixe C b = 1, C wv = 0.5, C q = 1.5, C Rb = 1, C ren = 1, C id = 0.5, C ret = 1, C s1 = 2.5, C s2 = 2, C s−f = 1, and C a = 0.5.
We display Tables 1-4 and Figures 1-4 to illustrate the optimal service values of µ, the optimum expected cost Γ(µ * ), as well as to show the convexity of the curves Γ(µ) for different values of ν, θ, ξ, and c. To this end, we consider the following cases exists a certain value of the service rate µ that minimizes the total expected cost function for the chosen set of system parameters. − From Tables 1-3, we observe that for different values of ν, θ, and ξ, the minimum expected cost Γ(µ * ) in SWV model is lower than that in MWV model, as intuitively expected. While from Table 4 , Γ(µ * ) in SWV model is larger than that in MWV model. This can be explained by the fact that for c = 2, 4, the optimum service rate µ * under SWV policy is smaller than µ * under MWV policy. In addition, this can be because of the choice of the system parameters.
Performance study
In this subsection, different performance measures of interest computed under different scenarios are presented. These measures are obtained by developing a program in R software. To illustrate the system numerically, we take ϑ n = 1 − n N , and consider the following cases 1. According to Tables 5 and 6, for both MWV and SWV models, we have − Along the increasing of λ (resp. µ, ν, and β), the characteristics (P b ), (E(L)), (B r ), (R ren ), and (R ret ) increase (resp. decrease). While (P wv ) decrease (resp. increase) with λ (resp. with µ). This is quite reasonable, when the arrival rate increases, the average system size increases. This increases the probability that the servers are in normal busy period, which increases the average balking rate and the average reneging rate. Therefore, in order to keep the system size under control and to avoid more reneging of customers, the firm uses some strategies in order to maintain the impatient customer in the system. Thus, the average retention rate increases. Further, it is quite obvious that with increase in the service rates, the expected system size decreases which decreases the probability that the servers are in normal busy period and increases the probability the servers are on working vacation. Consequently, average balking and reneging rates decrease. In addition, along the increasing of the service rates, customers have to spend less time in the system, and there will be less possibility that customers get impatient and leave the system without getting service, which is a desirable condition for any firm. Then, the retention rate is decreased. Further, as intuitively expected, the average number of customers served (S r ) increases with λ, µ, ν, and β.
− With the increasing of θ, the probability that the servers are in normal busy period (P b ) increases, while the probability the servers are on working vacation (P wv ) decreases, this decreases the mean system size (E(L)), which decreases the average rates of balking (B r ), reneging (R ren ), and retention (R ret ). Consequently, the average rate of customers served (S r ) increases with θ, as it should be.
− When the impatience rate increases ξ, both (P b ), (E(L)), and (B r ) decrease, while (π 0,0 ), (P wv ), (R ren ), and (R ret ) increase, as intuitively expected. Further, (S r ) decreases with the parameter ξ. This is because the impatience rate increases the average rate of reneging, which decreases the mean system size (E(L)). This results in the decreasing of the mean number of customers served.
− With the increasing values of N, the average system size increases which increases the probability that the servers are in normal busy period and decreases the probability that the servers are on working vacation period. Consequently, (S r ) increases with N. This results in the decreasing of (B r ). Further, (R ren ) and (R ret ) monotonically increase with N. Obviously, the larger the system capacity, the greater the number of customers present in the system and the higher the average rates of reneging and retention.
2. The probability (π 0,0 ) increases with the vacation rate θ under multiple vacation policy. While under single vacation policy, it decreases with θ when µ = 0.5, when µ = 0.8, its behaviour is not monotonic. This can be because of the choice of the choice of the system parameters.
3. It is worth noting that the probability that the servers are idle during busy period (P idle ) is null for MWV. This is quite clear; at the end of working vacation period, if the system is still empty, the servers return to the working vacation period. While for SWV, once the working vacation time is ended, the servers come back to the normal busy period and stay there waiting for a new arriving customers. In this case, it is well seen that (P idle ) increases with µ, θ, ξ, ν, and β, and decreases with the increasing of λ and N, as it should be. Table 7 , it well observed that along the increasing the number of servers c, the mean queue length (E(L q )), the average balking rate (B r ), the average rates of reneging (R ren ) and retention (R ret ) decrease. Whereas, when c augments, the average number of customers served (S r ) monotonically increases. Obviously, when the number servers increases in the system, the customers are served significantly, this results in decreasing in the mean number of customers in the queue. Therefore, the average rates of balking, reneging and retention decrease. Table 7 : Effect of c on performance measures for SWV and MWV models. Tables 5-7 , we observe that π 0,0 (single working vacation) < π 0,0 (multiple working vacation), E(L q )(single working vacation) < E(L q )(multiple working vacation), E(L)(single working vacation) < E(L)(multiple working vacation), P wv (single working vacation) < P wv (multiple working vacation), B r (single working vacation) < B r (multiple working vacation), R ren (single working vacation) < R ren (multiple working vacation).
From

Following
While
P b (single working vacation) > P b (multiple working vacation), R ret (single working vacation) > R ret (multiple working vacation), S r (single working vacation) > S r (multiple working vacation).
Then, we conclude that single working vacation model has better performance measures than multiple working vacations model. The obtained results match with our expected intuition.
Conclusion
In this research work, we considered a finite-buffer discrete-time multiserver queueing system with Bernoulli feedback, single and multiple working vacation policies, balking, reneging in busy and working vacation periods, and retention of reneged customers, under late arrival system with delayed access (LASDA). The practical application of the proposed queueing system can be found in many real world situations, such as call centers, manufacturing and production systems, post offices, etc. The closed-form expressions for the steady-state probabilities of the system size were derived using the recursive method. Useful performance measures were obtained. Then, we developed cost model and performed a convenient optimization using a quadratic fit search method (QFSM) in order to get the optimum values of the service rate during busy period for different values of service rate during working vacation period, vacation rate, impatience rate and number of servers. Further, important numerical results were illustrated showing the applicability of the theoretical study. For further work, it seems to be interesting to extend the considered model to more complex queues such as discrete-time Geo X /Geo X /c feedback queueing model with single and multiple working vacations, impatient customers, service breakdowns and repairs.
